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The problem of f i n d i n g  t h e  f a r  f i e l d  of an antenna i n  a magnetaplasma 

such a s  t h e  ionosphere has  been solved b y  Bunkin and a number of workers.  
1 2 , 3 , 4 : 5 , 6  

The o b j e c t  of t h i s  n o t e  i s  t o  reder ive  t h e  r e s u l t  i n  a s imple r  manner and ' D  

exp res s  i t  i n  Terms of t h e  normalized c h a r a c t e r i s t i c  p lane  waves of The 

medium. This has  t h e  advantage o f  showing c l e a r l y  how t h e  f a r  f i e l d  depends 

on t h e  free space  p a t t e r n  of t he  antenna, on t h e  shape of t h e  d i s p e r s i o n  

s u r f a c e ,  and on t h e  p o l a r i z a t i o n  of the  c h a r a c t e r i s t i c  waves,  I n  t h e  

d e r i v a t i o n  use  i s  made of the  magnetic f i e l d  i n s t e a d  of t h e  e l e c t r i c  f i e l d .  

Because t h e  p o l a r i z a t i o n  of t h i s  vec tor  i s  e a s i e r  t o  e x p r e s s ,  both t h e  de-  

duc t ion  of t h e  r e s u l r  and i t s  a p p l l c d t i o n  to a c t u a l  p a t t e r n  corriputarions a r e  

s i m p l i f i e d .  

Maxwell 's equa t ions  f o r  a I l ~ ~ s l e a s  magnetoplasma, desc r ibed  by t h e  H e m i w i a n  

d i e l e c t r i c  ma t r ix  K ,  a r e  

The s o u r c e ,  g iven  b y  t h e  e l e c t r i c  and magnetic cu r ren t  d e n s i t i e s  J and T ( r l  

can a l s o  be r ep resen ted  by  a s i n g l e  vec to r  

e m 

EYiniindting E i n  Equation ( 1 )  g i v e s  the equa t lon  

- 1  2 
( c u r l  K curl -k H ( r )  I -jOEoM(r) 

0 

t h a t  h a s  t a  be s d v e d  f o r  H .  Taking t h e  F o u r i e r  transform w i t h  r e spec t  +c 

t h e  space  v a r i a b l e  equa t ion  (3) becmes  

- 
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where k is the wave vector. From no* on the variable will a l w a y s  be shmn 

explicitly in functions of position hhi3e i n  t h e  correspondlng Fourier t ranafonn,  

denoted by rhe sane letter, the wave-vector variable k will general ry be om1 t ted, 

Thus we will write M(r1 for the magnetic field but simply H, instead of H ( k ) ,  

for irs trmsfonn. 

The matrix G may be written 

2 -1 2 
G ( k )  z -  -k U K U - kO (51 

-1 Here the matrix U represents the operator 1 k I 
direction of the vector k and not on its length. The corresponding gesmetrlc 

bransformation is a projection on a plane perpendicular to k followed by a 90 

rotation about k. 

k X which depends only on the 

0 

The matrix G(k1 can be inverted by  using the eigenvectors of the matrix 

D K U. This matrix is Hermitian since, when rhe vector k is real, L t  7 UT : -U. -a 

It has real eigenvalues (A h A 1 and an orthonormal set of eigenvecters. The 

determinant of U K U being zero, only t w o  eigenvalues X, and A, a r e  different 

l Q  2 $  3 
-1 

I from zero. The Corresponding eigenvectors H 

- 1  -L' K U H .  L- A .  H 
1 1 1  

2 
and can be normal.fzed to make 

and H s a t i s f y  
2 

(61 

122). Since (6) s h o w s  'hat H and 4 

H are perpendicular to k ,  we can csmpiete t h e  Ol'thQnOITIaJ set by taking for H 

the unit vec to r  u in The direction k .  For symmetry we can write 

2 3 

-1 -U K LI Hg I- A H 3 3  

Wlth hg :- 0 .  

The inverse of G becomes 
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a s  can be v e r i f i e d  by  making use  of (6). The s o l u t i o n  f o r  t h e  magnetic f i e l d  

H ( r )  i s  obta ined  by t h e  i n v e r s e  Four i e r  t ransform of H(k) deduced from (4 )  

and (7) 

Before f i n d i n g  the a s p i p t o t i c  value of H & r )  when r i s  l a r g e  l e t  US cons ide r  

t h e  r e l a t i o n  of t h e  M. and h bo t h e  c h a r a c t e r i s t i c  wave problem. To each d i r e c t i o n  

i n  space ,  def ined  b y  a u n i t  v e c t o r  u,  t h e r e  correspond an  o p e r a t o r  I-! and t h e r e f o r e  

1 i 

two e igenva lues  h h The source  free equa t ion  l 9  2 '  

G(k) H(k)  0 

2 . 2  
h a s  n o n - t r i v i a l  s o l u t i o n s  on ly  when d e t  G =- 0 ,  i . e . >  when k / k  _- h Thus 

o 1 

h r e p r e s e n t  t h e  i n v e r s e  of the  square of the  r e f r a c t i v e  index i n  d i r e c t l o n  2 

u f o r  t h e  o r d i n a r y  and t h e  ex t r ao rd ina ry  waves. T h e  possibie wave v e c t o r s  i n  

d i r e c t i o n  u a r e  + k h 2 u,  T h e  ex t r emi ty  of t h e  wave v e c t o r  d e s c r i b e s  a 
1 - -  

o i  - 

two-sheeted s u r f a c e  & t h e  d i s p e r s i o n  s u r f a c e ,  t h a r  has  been cons idered  by 

s e v e r a l  au tho r s .  TQ any poin t  k on t h i s  s u r f s c e  cor responds  a d e f i n i t e  

va lue  of h ( A  = k ,/k and a c h a r a c t e r i s t i c  p l ane  wave 

4 9 10 11 

2 2  
n 

The v e c t o r  M ( 0 )  can be taken  as  t h e  H corresponding  t o  A := A and % h e  vec to r  

E ( 0 )  fo l lows  from MaxweYS ' s  equa t ions  

k 1 1 

k 

E ( 0 )  r- - ~- K-IU Hk(0) fY0) 
k 

If t F e  v e c t o r  k makes t h e  ang le  8 with the  cons t an t  magnetic f i e l d  H t h e  

p o l a r i z a t i o n  e l l i p s e  of H h a s  one ax13 i n  t h e  p l ane  (k,H and t h e  o r b e r  p e r -  

g e n d i c u l s r  t o  Furthermore,  i f  t he  a x i a l  r a t i o  i s  t a n  p ,  t h e  ang le  is 

simply r e l a t e d  t o  8 and t o  t h e  usual. i onosphe r i c  parameters  X W ,iW 2nd 

Y - by 

O a  

1 0 

2 2  
N 

2 
t a n  2p 2 cos e c s c  e (L -x )Y- '  
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Each of t h e  two s o l u t i o n s  of t h i s  equa t ion  f o r  p correspond t o  one shee t  of t h e  

11 s u r f a c e  The o r d i n a r y '  shee t  E i s  u s u a l l y  de f ined  a s  t h a t  which c o n t a i n s  
0 

\/=for t h e  d i r e c t i o n  pe rpend icu la r  to H a For k on z' 
3 

t h e  wave v e c t o r  k 
0 0 

t h e  major a x i s  of t h e  H - e l l i p s e  i s  normal t o  t h e  p l ane  ( k  H 1 and for k on t b e  

Th i s  

0 

ex t r ao rd ina ry"  shee t  z t h e  major a x i s  i s  conta ined  i n  t h e  p l a n e  (k,Ho).  *I 

x 

i s  i l l u s t r a t e d  i n  F igu re  1. 

I n  expres s ing  t h e  f i n a l  r e s u l t  we s h e l l  normal ize  t h e  f i e l d  F t o  make t h e  k 

Poynting v e c t o r  of l e n g t h  one. The Poynting v e c t o r  f u s i n g  ms v a l u e s )  
a. 

k 
P r - R e E  X H 

k 

is normal t o  t h e  d i s p e r s i o n  s u r f a c e  a t  p o i n t  k and i t s  p r o j e c t i o n  on k i s  simply 

There fo re  if a. denotes  t h e  angle  between P and H ( s e e  F igu re  1 1 . .  t h e  no rma l i za t ion  0 

r e q u i r e s  t h a t  

i n s t e a d  of one. 

Return ing  t o  t h e  e v a l u a t i o n  of t h e  i n t e g r a l  (8) f o r  l a r g e  va lues  of r w e  

5 
s h a l l  proceed a s  i n  L , igh th i l l  . Since t h e  asymptot ic  c o n t r i b u t i o n s  t o  t h e  

f i e l d  come from t h e  z e r o s  of t h e  denominator i n  t h e  i n t e g r a n d ,  on ly  t h e  f i r s t  

two terns of (8) have t o  be cons idered .  In  a f i r s t  s t e p  an i n t e g r a l  such a s  

i s  reduced t o  a s u r f a c e  i n t e g r a l  over one s h e e t  of x w h i l e  t h e  o t h e r  i n t e g r a l  

i s  reduced t o  a s u r f a c e  i n t e g r a l  over t h e  o t h e r  s h e e t .  W e  can  t h u s  r e p r e s e n t  

t h e  sum o f  t h e  two terms a s  9 s i n g l e  i n t e g r a l  of 



H ~ H ~ ~ M  - j k o r  
e 2 2  

Iv(Ak -k 0 ) I  
over  t h e  whole of 2 ( h e r e  A i s  a s ingle-valued func r ion  of k over  21. More 

e x a c t l y ,  t a k i n g  t h e  r a d i a t i o n  condi t ion  i n t o  account ,  t h e  i n t e g r a l  must be 

taken only  over  t h e  p o r t i o n  C of Ewhere  t h e  Boynting v e c t o r  P i s  d i r e c t e d  

toward t h e  p o i n t  of obse rva t ion .  A s  w e  have seen  t h a t  P - k  i s  p o s i t i v e  t h i s  

t 

means t h a t  ((E - 8 )  must be an acu te  angle .  The i n t e g r a l  (121 becomes 

s i m i l a r  t o  equa t ion  (68) i n  L i g h t h i l l .  The denominator i s  e a s i l y  found s i n c e  i n  

t h e  d i r e c t i o n  of k t h e  d e r i v a t i v e  of (hk -k 1 i s  simply 2Ak. On ;G t h i s  reduces t o  

2ko fi and must a l s o  equal  [ v ( A k  -k cos  (a. - 8 )  hence 

2 2  
0 

2 2  
0 

2 2  1 j 2  
/ p ( h k  -ko)l := 2k 0 h sec (a - 8 ) 

T h i s  term reminds us  of equa t ion  (11).  I f  w e  change t h e  no rma l i za t ion  t o  make 

t h e  Poynt ing v e c t o r  of F ( r )  equal  t o  one w e  f i n d  indeed t h a t  t h e  denominator 

d i sappea r s  and t h a t  equa t ion  (8) reduces * Q  

k 

The next  s t e p  i s  t o  reduce the  s u r f a c e  i n t e g r a l  t o  a sum over  t h e  s t a t i o n a r y  

p o i n t s  for k - r .  These a r e  t h e  poin ts  of tangency on of p lanes  pe rpend icu la r  t o  

t h e  d i r e c t i o n  of r ,  T t  h a s  been observed by several .  a u t h o r s  t h a t  t h e r e  may 

3" 

3:4,7 

e x i s t  up t o  4 p o i n t s  having t h i s  property.  I t  i s  s u f f i c i e n t  t o  d e s c r i b e  t h e  term 

coming from one of t hese  p o i n t s  a s  t h e  same form a p p l i e s  t o  each of them. In  t h e  
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v i c i n i t y  of a s t a t i o n a r y  p o i n t  t h e  r e l e v a n t  p r o p e r t y  of t h e  s u r f a c e  X i s  t h e  

Gaussian r a d i u s  of c u r v a t u r e .  

p r i n c i p a l  r a d i i  of c u r v a t u r e  hl and h - 
2 

w i l l  be  denoted by h ( k ) .  The n o t a t i o n  w i l l  i n c l u d e  a s i g n  which is  + f o r  a 

p o i n t  where t h e  two r a d i i  have t h e  same s i g n  and t h e  s u r f a c e  i s  convex toward 

t h e  o b s e r v a t i o n  p o i n t ,  and i s  j f o r  a p o i n t  when t h e  two r a d i i  a r e  of o p p o s i t e  

s i g n .  The c o n t r i b u t i o n  of a s t a t i o n a r y  p o i n t  k t o  t h e  i n t e g r a l  is:  a f t e r  

This  i s  t h e  geometr ic  mean \/hlh2 of t h e  two 

T h i s  number, which depends o n l y  on k ?  

s i m p l i f i c a t i o n  

- j h  - j k . r  
4'ITr k k 

H H J ' M ~  (15) 

I t  i s  i n t e r e s t i n g  t o  

source  ( J  Cr)> J ( r )  

t r a n s p o s e  medium (H 

e m 

0 

remark t h a t  HTM may be i n t e r p r e t e d  a s  t h e  r e a c t i o n  of t h e  

and t h e  f i e l d  of t h e  c h a r a c t e r i s t i c  wave F Or) i n  t h e  

r e v e r s e d ) .  Furthermore? u s i n g  t h e  complete c h a r a c t e r i s t i c  

k 
-4 

-k 

f i e l d  (9) w e  can wri te  t h e  t o t a l  r e s u l t i n g  f i e l d  
I I 

where t h e  v e c t o r  k runs  over  t h e  s t a t i o n a r y  p o i n t s  on and h i s  a f u n c t i o n  of + 
k. T h i s  i s  t h e  f i n a l  formula.  I t  i s  i n t e r e s t i n g  t o  compare i t  w i t h  a s i m i l a r  

formula for t h e  f a r  f i e l d  of an antenna i n  free space  

17)  

Here u and v a r e  two v e c t o r s  of length \IT 

each o t h e r .  The v e c t o r  k has  t h e  d i r e c t i o n  of r .  The c h a r a c t e r i s t i c  p lane  waves 

F and F have t h e i r  E v e c t o r s  a t  t h e  o r i g i n  r e s p e c t i v e l y  equal  t o  u and v 

and a s  a r e s u l t  t h e i r  Poynt ing vec tors  a r e  equal  t o  one.  The s c a l a r  products  

J . u  and J . v  a r e  t h e  r e a c t i o n s  of t h e  sou rce ,  h e r e  represented  by a n  e l e c t r i c  

c u r r e n t  d e n s i t y  J, w i t h  t h e  f i e l d s  P and F 

normal t o  k and a t  r i g h t  angle  t o  
0 

k , u  k , v  

- k , u  - k , v '  
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The e s s e n t i a l  d i f f e r e n c e s  between (17) and (16) a r e  

1. I n  (17) any p o l a r i z a t i o n  i s  compatible wi th  a v e c t o r  k w h i l e  i n  (16) t h e  

c h a r a c t e r i s t i c  p o l a r i z a t i o n  i s  a f u n c t i o n  of k ,  

2 .  I n  (17) t h e  d i r e c t i o n  k co inc ides  w i t h  t h a t  of r wh i l e  i n  (16) i t  does n o t .  

3 .  I n  (l6) a v a r i a b l e  number of c h a r a c t e r i s t i c  waves (up t o  4) c o n t r i b u t e  t o  

t h e  f a r  f i e l d ,  They have d i f f e r e n t  phase v e l o c i t i e s  and produce an  i n t e r -  

f e r e n c e  p a t t e r n  i n  t h e  r a d i a l  d i r e c t i o n .  

4 .  The wave number k i n  (17) i s  replaced i n  (16) by t h e  Gaussian r a d i u s  of 

c u r v a t u r e  h (k )  a t  p o i n t  k on 0;. 

The f u n c t i o n  h (k )  r e p r e s e n t s  t h e  gross  f e a t u r e s  of t h e  r a d i a t i o n  p a t t e r n  (neg- 

l e c t i n g  t h e  sou rce  d i r e c t i v i t y  and p o l a r i z a t i o n ) .  I t  can be de r ived  from 

by t h e  c o n s t r u c t i o n  shown i n  F igu re  2 :  t h e  normal t o  t h e  s u r f a c e  Z a t  p o i n t  k 

c u t s  t h e  a x i s  a t  p o i n t  I ,  t h e  p a r a l l e l  through I t o  t h e  t angen t  a t  p o i n t  k c u t s  

t h e  v e c t o r  k a t  p o i n t  L. I f  we c a l l  k' t h e  d i s t a n c e  from L t o  p o i n t  k t h e  

GGussian r a d i u s  o f  c u r v a t u r e  is  s i m p l y  

2 de h = k k * -  da  (1.8) 

I n  F i g u r e  3 t h e  f u n c t i o n  h (8 )  has been ske tched  f o r  one s h e e t  of a d i s p e r s i o n  

s u r f a c e  r ep resen ted  i n  F igure  2 .  Figure 3 a l s o  shows t h e  v a r i a t i o n  of Q ( r a y  

d i r e c t i o n )  ve r sus  8 (wave-vector d i r e c t i o n ) .  For a given Q t h e r e  a r e  sometimes 

3 v a l u e s  of 8 .  The s l o p e  of t h e  curve a vs  8 and t h e  d i s p e r s i o n  s u r f a c e  can be 

used f o r  a s l i d e  r u l e  e v a l u a t i o n  of h by means of formula (18). 

The r a d i u s  h becomes i n f i n i t e  f o r  t h e  i n f l e x i o n  p o i n t s  k(8 ) and k(8 ) and 1 2 

t h e  s a d d l e  p o i n t  i n t e g r a t i o n  has  t o  be r e f i n e d  f o r  t h e s e  p a r t i c u l a r  p o i n t s  a s  

w a s  done by Arbel and F e l s e n  . 4 
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The p o l a r i z a t i o n  and d i r e c t i v i t y  of t h e  sou rce  a r e  both conta ined  i n  t h e  

factor @M which depends e s s e n t i a l l y  on t h e  v a l u e s  of t h e  f u n c t i o n  M(k) on 

t h e  d i s p e r s i o n  s u r f a c e  zs One could say  t h a t  i t  depends on t h e  manner i n  which 

t h e  antenna i n  f r e e  space would f ' i l l umina te fg  t h e  d i s p e r s i o n  s u r f a c e .  

k 

The 

computation of H t '  M is  s i m p l i f i e d  by u s e  of t h e  Poincar; sphe re  r e p r e s e n t a t i o n  
k 

of t h e  p o l a r i z a t i o n  of H and M. 

A s  a conclus ion  formulas  (16) and (18) make i t  p o s s i b l e  t o  s k e t c h  r a d i a t i o n  

p a t t e r n s  of a r b i t r a r y  an tennas  i n  a magneto-plasma wi thout  r ecour se  t o  h igh-  

speed computers. 

The r e sea rch  r epor t ed  i n  t h i s  paper was sponsored by t h e  Na t iona l  

Aeronaut ics  and Space Adminis t ra t ion  under  Grant NSG-395. 

May 1, 1964 
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P 

> 
Figure  1. P o l a r i z a t i o n  of t h e  H-vector and r e l a t i o n  

of t h e  average Poynt ing v e c t o r  P t o  t h e  
wave vec to r  k.  
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Figure 2 .  Examples of dispersion surface K ( 8 ) .  
(Extraordinary sheet Ex for  pl, X 6 1) 
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